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Dictionary

	№
	English
	Russian
	Kazakh

	1
	quasi ordered set


	квазиупорядоченное

множество
	

	2
	ordered set
	упорядоченное

множество 
	

	3
	lattice
	решетка
	

	4
	linear ordered set
	линейно упорядоченное

множествоа 
	

	5
	completely ordered set


	вполне упорядоченное 
множество 
	

	6
	order
	порядок
	

	7
	carrier  
	носитель
	

	8
	structure
	структура
	

	9
	comparable elements
	сравнимые элементы
	

	10
	dual
	двойственный
	

	11
	map  
	отображение
	

	12
	monotone
	монотонный
	

	13
	increase
	возрастать
	

	14
	decrease
	убывать
	

	15
	to be divisible by
	делиться на
	

	16
	isomorphism 
	изоморфизм
	

	17
	isomorphic
	изоморфный
	

	18
	minimal element
	минимальный элемент
	


	19
	maximal element
	максимальный элемент
	

	20
	lower bounded set
	ограниченное снизу  XE "множество:ограниченной снизу" множество
	

	21
	upper lower bound
	ограниченное  XE "множество:ограниченной снизу" сверху XE "множество:ограниченное сверху"  множество
	

	22
	boundedness
	ограниченность
	

	23
	prime number
	простое число
	

	24
	minorant
	миноранта
	

	25
	majorant
	мажоранта
	

	26
	lower bound
	нижняя грань
	

	27
	upper bound
	верхняя
	

	28
	monotone operator
	монотонный оператор
	

	29
	multiple
	кратное
	

	30
	antimonotone operator
	антимонотонный оператор
	

	31
	open interval
	открытый интервал
	

	32
	semiopen interval
	полуоткрытый интервал
	

	33
	closed interval
	замкнутый интервал
	

	34
	comparable elements
	сравнимые элементы
	


Room 4А.1. QUASI ORDERED SETS
Definition 4А.1. A relation ( on a set Х is called quasi order, if it is reflexive and transitive. The pair (Х,() is called quasi ordered set with carrier Х and quasi order (.
Let (Х,() be a quasi ordered set. Then there is quasi ordered structure on the set Х, which by relation ( (see Fig. 4А.1).
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Fig. 4А.1. Quasi ordered set (Х,().
Example 4А.1. The considered relation ( on the set Card of cardinalities and numerical sets 
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 and 
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 is quasi order. We can determine also the quasi ordered sets  (((Y),(), where Y is a non empty set (see Fig. 4А2); (
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,| ), where х|у is true, if the number у is divisible by x (see Fig. 4А.3); 
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, where inequality (a+bi)((a'+b'i) is true if a(a', b(b'; 
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, where 
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is 
n-dimensional Euclid space, and x(y is true if xi(yi, i = 1,...,n, besides xi , yi are components of vectors х and у (see Fig. 4А.4); (C[0,1], (), where C[0,1] is the space of continuous functions on the interval [0,1], and inequality x(y is true, if  x(t) ( y(t)  for all t([0,1] (see Fig. 4А.5); trivial ordered set (X, =), where Х is an arbitrary set (see Fig. 4А.6); antitrivial ordered set (Х,(), where the property 
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 is true for all 
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(see Fig. 4А.7)
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Fig. 4А.2. Quasi ordered set (((Y ),() , где Y = {x,y,z}.
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Fig. 4А.3. Quasi ordered sets (
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,|)  и  (
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\{1},|).
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Fig. 4А.4. Quasi ordered set 
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Fig. 4А.5. Quasi ordered set (C[0,1], ().
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Fig. 4А.6. Trivial quasi ordered set.
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Рис. 4А.7. Antirivial quasi ordered set.
Definition 4А.2. The relation ( on a set Х is called the dual quasi order, if the condition х(у is true whenever у(х. The pair (Х,() is called the dual quasi ordered set with respect to (Х,(). 
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Fig. 4А.7. Dual quasi ordered set.
Example 4A.2. Dual quasi ordered sets for the ordered sets from Example 4A.1.

Questions: What is the dual quasi ordered set for the trivial quasi ordered set? What is the dual quasi ordered set for the antitrivial quasi ordered set?

Definition 4А.3. A pair (Y,() is called the quasi ordered subset of the quasi ordered set (Х,(), if Y is subset of Х, and the relation x(y on Y is true iff it is true on the set Х. 
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Fig. 4А.8. (Y,() is a quasi ordered subset (Х,().
If (Y,() is the quasi ordered subset of (Х,(), then this property is denoted by (Y,() ( (Х,(). We have the following enclosures
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.
Let (Х1,(1) and (Х2,(2) be quasi ordered sets. We determine a quasi order on the product Х = Х1(Х2  of its carriers.
Definition 4А.4. A quasi ordered set (Х,() is called the product of the quasi ordered sets (Х1,(1) and (Х2,(2), if the property (х1,х2) ( (у1,у2) on the set Х is true whenever х1 (1 у1 and х2 (2 у2 .
Particularly, the considered quasi ordered set 
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 (see Fig. 4А.4) is the product of the considered quasi ordered set 
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 to itself.
We consider a transformation of quasi ordered sets. Let (X,(X) and (Y,(Y) be quasi ordered sets, and A is an operator from X to Y (see Fig. 4А.9).
Definition 4А.5. The map  А : (X,(X) ( (Y,(Y)  is called the monotone (antimonotone) operator if the inequality Аx (Y Аy (Ау (Y Ах) is true whenever x (X y .  
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Fig. 4А.9. Monotone operator and antimonotone operator.
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Fig. 4А.10. Monotone functions.
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Fig. 4А.11. Monotone operator A : (((Y),() ( (Card,().

Example 4A3. An increasing function is the monotone operator on the set of real numbers; a decreasing function is the antimonotone operator (see Fig. 4А.10). The map  А : (((Y),() ( (Card,(), which maps a subset of the nonempty set Y to its cardinality is monotone because the inequality  Card х ( Card у  is true whenever х(у (see Fig. 4А.11). 
The superposition of monotone (antimonotone) operators is monotone (antimonotone).
Example 4А.4. We consider the unit operator Е on the set of natural numbers. The map 
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 is monotone because the inequality x(y is true whenever у is divisible by х. However the inverse operator 
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 is not monotone because the inequality x(y can be true although the number у can be not divisible by х.
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Fig. 4А.12. Unit operator on the set of natural numbers.
Definition 4А.6. The map  А : (X,(X) ( (Y,(Y) is called the isomorphism of the quasi order XE "изоморфизм:квазипорядка" , if an operator  А : Х ( Y is bijection, and the operator A and its inverse operator are monotone. Two quasi ordered sets are isomorphic if there exists an isomorphism of the quasi order from one of them to other. 
An operator А is the isomorphism the inequalities x(X x' and Аx(Y Аx' are equivalent. 
Definition 4А.7. A property of a quasi ordered set is called the quasi ordered property, if does not change under isomorphisms of the quasi order.

Example 4А.5. We consider the set of complex numbers 
[image: image32.wmf]£

 and two-dimensional Euclid space
[image: image33.wmf]2

¡

 (plane) with natural quasi orders. It is obviously that the operator А, which maps a complex number a+bi  to the (а,b), is bijection. Besides, this operator and its inverse operator are monotone. Then the corresponding quasi ordered sets are isomorphic. So it has same quasi ordered properties.  
The theory of quasi ordered sets researches only quasi ordered properties of sets.

We consider next quasi ordered sets with additional properties, which corresponds more strong structures.
Room 4А.2. OREDERED SETS
Majority of considered quasi ordered sets satisfy an additional property.

Definition 4А.8. The relation ( on the set Х is called antisymmetric, if the equality 
[image: image34.wmf]xy

=

 is true whenever х(у and у(х.
Example 4А.6. The divisibility of the natural numbers, relation “lass or equal” for real numbers, enclosure of sets, and equality of different objects are antisymmetric.
Definition 4А.9. The ordered set with carrier Х and order ( is the pair (Х,(), where ( is a reflexive, transitive and antisymmetric relation on the set Х. 
Let (Х,() be an ordered set. Then there is a structure of the order on the set Х.
Example 4А.7. The set of natural number with relation of divisibility is the ordered set. However the set of integer numbers with this relation is the quasi ordered set only, but not ordered set. Particularly, the number 3 is divisible by -3, and number -3 is divisible by 3. However the equality 3=-3 is false. So relation of divisibility is not antisymmetric on the set of integer numbers.
The dual ordered set, the ordered subset; and the product of ordered sets are definite as the analogical notions for the quasi ordered sets theory.
Definition 4А.10. An element х of the ordered set (Х,() is called minimal, if the inequality у(х are true whenever у=х. It is maximal, if this equality follows from the condition x(y. 
The set of minimal elements of the ordered set (Х,() is denoted by 
min X, and the set of its maximal elements is denoted by max X. 
Example 4А.8 (task). To find minimal and maximal elements of the given ordered set.
Table. 4А.1. Minimal and maximal elements of ordered sets.

	ordered sets
	min                       
	max
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	all set with one element 
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Definition 4А.11. An element х is smallest on the ordered set (Х,(), if x(y for all у(Х; it is largest element if у(х for all у(Х. An ordered set with smallest (largest) element is called lower (upper) bounded. A set is bounded if it is lower bounded and upper bounded. 
Example 4А.9 (task). Let Y is a non empty set, and Х is a subset of ((Y). The ordered set (Х,() is bounded if and only if the following conditions are true 
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The sum of sets from X is the largest element on (Х,(), and the intersection of sets from X is its smallest element (see Fig. 4А.2). 

Example 4А.10 (task). We consider the unit interval [0,1] as the order subset of the ordered set of real numbers. It is bounded, besides its smallest element is 0, and its largest element is 1. However the open (0,1) is not bounded because it does not have a smallest element and a largest element. Thus the bounded set can have unbounded subset.  
Example 4А.11 (task). The set 
[image: image41.wmf](,|)
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 is lower bounded because it has a smallest element 1. However its subset 
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¥

 does not have smallest element. But has an infinite set of minimal elements because all prime number is its minimal element (see Fig. 4А.3).

Example 4А.12 (task). We consider the set of circles in the square with relation “enclosure”. An absence of minimal elements is obviously. Each circle whit a point of the tangency on a side of the square is maximal element of this ordered set. However there is not a largest element because for all circle there exist other circle, which is not its subset (see Fig. 4А.13). Then the considered ordered set is unbounded. 
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Fig. 4А.13. There are a lot of maximal elements on the set of circles. 
But the largest element does not exist.

Definition 4А.11. An element х of the ordered set (Х,() is called the minorant of a subset М of Х, if x(y for all у(М. If there exist a largest minorant of the set M, then it is called the lower bound of M and denotes by inf M.

The majorant of the set M and its upper bound  sup M  are the dual notions to the minorant and lower bound.
Example 4А.13 (task). To find minorants and majorants of the interval (0,1). What is its lower bound and upper bound? 
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Fig. 4А.14. A minorant and the lower bound of an interval. 
Example 4А.14 (task). To find minorants and majorants of the set 
[image: image45.wmf]{2,4,6}

М

=

  on the set of natural numbers with respect to the divisibility. What is its lower bound and upper bound?
Answer. The numbers 1,2 are minorants of M. The number 2 is its lower bound. All multiple of elements of M, namely all numbers 12k are its majorants. The number 12 is its upper bound.
Example 4А.15 (task). What is minorants and majorants of a set of the trivial ordered set (Х,=)?
Answer. The one element set 
[image: image46.wmf]{}
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 only has unique minorant and majorant. Then 
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Example 4А.16 (task). What is minorants and majorants of a set of the antitrivial ordered set (Х,()?
Answer. An arbitrary set M of the antitrivial ordered set 
[image: image48.wmf](,)
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 has the carrier X as the set of minorants and the set of majorants. It has a lower bound and upper bound only if the set X has a unique element.
Definition 4А.10. A notion of the dual ordered set (Х,() is dual to the same notion on the ordered set (Х,().
Табл. 4А.2. Duality of notions for the ordered sets theory.

	notion
	dual notion

	order
	dual order

	ordered set
	dual ordered set

	minimal element
	maximal element

	smallest element
	largest element

	minorant
	majorant

	lower bound 
	upper bound

	lower boundedness
	upper boundedness

	monotone operator
	antimonotone operator


Let (Х,() be an ordered set. We consider elements а and b of Х such that а<b.
Definition 4А.12. Open interval, semiopen intervals, and closed interval are definite by equalities 
 (a,b) = { x(X | a<x<b };  [a,b) = { x(X | a(x<b };

 (a,b] = { x(X |  a<x(b };  [a,b] = { x(X | a(x(b }.

Intervals of sets of numbers with natural order have the natural sense. 
Example 4А.17 (task). What are intervals on the ordered set 
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, which definite by elements a=2 and b=16.

Answer (see Fig. 4А.3) 

 (a,b) = {4,8};  [a,b) = {2,4,8};  (a,b] = {4,8,16};  [a,b] = {2,4,8,16}.

Example 4А.18 (task). We consider the plane with natural order. The inequality 
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 is true, if we have inequalities 
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 What is the closed interval 
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Answer (see Fig. 4А.15) 
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Fig. 4А.15. Interval for ordered plane. 

Monotone operator, antiminotone operator, isomorphism of order, isomorph ordered sets, and ordered property are definite as analogical notions for quasi ordered sets. 

Room 4А.3. LATTICES
Definition 4А.12. The ordered set is called the lattice if each it’s set with two elements has a lower bound and an upper bound. 

Example 4А.19 (task).  
[image: image57.wmf](
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Example 4А.20 (task).  We consider the ordered set (((Y),(). For all elements х,у from ((Y), namely subsets of Y we determine (see Fig. 4А.16)
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In de the case of enclosure х(у we get
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Fig. 4А.16. The lattice of subsets (((Y),().
Example 4А.21 (task). Is the ordered set the set 
[image: image61.wmf](,|)
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a lattice?
Answer. Let х,у be natural numbers. The upper bound of the set {x,y} is its smallest common multiple. Its lower bound is the greatest common divisor. Then the set 
[image: image62.wmf](,|)
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is the lattice.

Example 4А.22 (task). Is the set of continuous functions С[0,1] with pointwise order a lattice?

Answer. Lower bound and upper bound of set of two elements (continuous functions) are determine by equality (see Fig. 4А.18) 
sup{x,y}(t) = sup{x(t),y(t)}, inf{x,y}(t) = inf{x(t),y(t)} (t([0,1].

So the set of continuous functions С[0,1] with pointwise order is the lattice.
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Fig. 4А.18. The lattice of continuous functions.

Example 4А.23 (task). Is the set of differentiable functions С1[0,1] with pointwise order a lattice?

Answer. It is not a lattice (see Fig. 4А.18).
Example 4А.24 (task). Is the trivial ordered set a lattice?

Answer. The trivial ordered set is not a lattice if it contains greater than one element.
Room 4А.4. LINEAR ORDERED SETS
For all two different elements of sets of numbers x and y with standard order we can determine one of the inequalities x(y or у(х.
Definition 4А.13. Elements x and y of the ordered set are comparable, of one of the conditions x(y or у(х is true. The ordered set is called linear ordered set, if all two elements are comparable.
Question: Is a linear ordered set is a lattice?

Answer. Indeed the lower bound of the set {x,y} is equal to х, and its upper bound is equal to у, if the property x(y is true.
Question: Is an ordered subset of a linear ordered set the linear ordered set?

Answer. Yes. Particularly we can deduce the linearity of the ordered sets 
[image: image64.wmf](,),(,) and (,)

£££

¥¢¤

 from the analogical property of the sets (Сard,() and 
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Example 4А.25 (task). The set 
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 is not the linear ordered. To determine its ordered subset, which is linear ordered.
Answer. It can be the set (Х,|) , where Х = {1, 2, 4, 8, 16, …} (see Fig. 4А3).
Question: Is the product of linear ordered sets is linear ordered set?
Answer. No. For example, the product of two set 
[image: image67.wmf](,)
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, namely the plane is not linear ordered set.

Room 4А.5. COMPLETELY ORDERED SETS
Definition 4А.14. The ordered set is called the completely ordered set, if each it’s non empty set has a smallest element. Elements of a completely ordered set are called ordered numbers.
The set of natural numbers and the set of cardinalities with natural order are completely ordered sets.

Question: Is a completely ordered set the linear ordered set?
Answer. Yes. Indeed, for all its elements х and у the set {x,y} has a smallest element. It is lass or equal than second element. Then two arbitrary elements of the set are comparable.

Question: Is an ordered subset of a completely ordered set the completely ordered set?

Answer. Yes, because each non empty set of this subset has a smallest element.
Question: Is a finite linear ordered set the completely ordered set?
Answer. Yes, because each finite linear ordered set has a smallest element.
Question: Is the set ([0,1],() is the completely ordered set?
Answer. No, because each open interval (a,b) from [0,1] doesn’t have smallest element.
Question: The ordered set of integer numbers with natural order is not completely ordered set. How we can determine the order on this set for obtaining completely ordered set?
Answer. The set of integer numbers with order (  such that

1 < 2 < 3 < ... < 0 < -1 < -2 < -3 ...
is completely ordered set.
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